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1. INTRODUCTION AND STATEMENT OF RESULTS

We study mean convergence of Hermite and Hermite—Fejér interpolatory

polynomials of higher order for Freud type weight functions on the real line.
More precisely, let X := {x;,} = R,

—00 < Xy <Xy 1, < o < Xy < Xy, < OO, n=1,2,...,

be a set of pairwise different nodes. Then for any real-valued function f on
R and an integer m > 1, see ([25]), the Hermite—Fejér interpolation poly-
nomial of higher order H,,,( f, X) of degree <mnm—1 with respect to X is
defined by
{Hnm(fﬁ X’ xkn)=f(xkn)7 1<
HO(f, X, %) =0, 1<t
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(1.1)

k<n,
<

m—1,1<k<n.
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We note that by definition, H,, are the Lagrange, H,, the Hermite—Fejér
and H,, the Krylov-Stayermann interpolatory polynomials [7, 22, 23]. By
(1.1), we may write for x € R,

Hon X3 = B f50) B (X, ), m= 1,2,

The polynomials

m—1

hk(Xa x) ::hknm(Xa X) = IE(X, X) z eiknm(x_xkn)is 1 gkgn
i=0

are unique, of degree exactly nm — 1 and satisfy the relations
hl(ct)(X’xln):aot 51k,1<k,l<n,0<t$m—1, (12)

where for nonnegative integers u and v

1, Uu=v
O :={
0, uF#no.

Here, /,,(X, x) are the well known fundamental Lagrange polynomials of
degree n—1 given by

wn (x)

) Gy

e :=£[1 (X = xp).

If feC m=D(R), then the Hermite interpolation polynomial of higher order
H,,(f, X, x) of degree < nm— 1 with respect to X is defined by

HO(f, X, x4) = f(x,,), 1<k<n, 0<t<m-—1.
We may write for x € R,
. m—1 n
Hnm(f’ Xa x) = Z z f(t)(xkn) htk(Xa X), m= 19 2’ LEEE)
t=0 k=1
where

htk(X’ x) = htknm(X9 x)

(x_xkn tm—1—t )
= l?n(X’ X)T Z etiknm(x_xkn)la 0 <t<m_1
. i=0
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is the unique polynomial of degree nm — 1 satisfying
hQ(X, x,)=06,0,, 0<i, t<m—1, 1<j, k<n. = (1.3)

The coefficients ey := ey, and e  := e, may be obtained from the
properties of A, and A,, (1.2) and (1.3), see e.g. (2.6). It follows that we
may write for any polynomial P of degree <mm—1, and xe R

m—

1 n
P(x)=H,,(P,X,x)=H,,(P,X,x)+ Y Y POx,)h(X,x). (14
t=1 k=1

In this paper, we are interested in investigating L,(0 < p <o) conver-
gence of Hermite-Fejér and Hermite interpolation of higher order for an
interpolatory matrix X whose lines are the zeros of a sequence of orthogo-
nal polynomials with respect to a class of Freud weights on the real line. As
special cases of our main results, we are able to recover known results on
weighted Lagrange, Hermite and Hermite-Fejér interpolation for even
Freud weights on the real line. In particular, we are also able to derive new
results for Krylov—Stayermann interpolation and higher order processes for
Freud weights on the real line for arbitrary fixed values of m. We thus
believe that our main theorems provide a unified method by which all of
the above results may be obtained.

More precisely, we are concerned with Freud weights w of the form
w = exp(—Q) where:

* 0: R— Ris even and continuous.

e 0Y is continuous in (0, c0).

* 0'>0in (0, o0).

* There are constants 4 and B with 1 < 4 < B so that

A<T(QN/QM<B,  xe(0,0).

This class is large enough to cover the well known example
wp(x) :=exp(—|x|f), xeR, p>1

of which the Hermite weight w, is a special case.
For a given Freud weight w, we denote by

pn(wza x):yn(wz) x"+ ""yn(w2)>0’ n>0
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the unique orthonormal polynomials satisfying
[ Pu#% %) (W2, ) WAx) dx =3, mn=0,1,2, ...
R

and denote by
2 2 2 2
xn,n(w ) < xnfl,n(w ) <- < x2,n(w ) < xl,n(w )

their n real simple zeros. We henceforth set X := {x,,(W»)}5_; = {Xin}i_1-

The subject of general orthogonal polynomials and weighted approxi-
mation on the real line and on finite intervals of the real line of positive
length, is a rich and well established topic of research and we refer the
reader to [3, 8, 15 17, 18] and the many references cited therein for a
comprehensive account of this vast area and its applications.

The results in this paper are motivated, in part, by the following papers
dealing with the theory of Lagrange, Hermite and Hermite—Fejér inter-
polation for weights on the real line and on finite intervals. In [11, 14, 16,
20] above authors studied weighted uniform and mean convergence of
Lagrange interpolation for Freud weights on the real line while in [4, 10,
13, 20], mean convergence of Hermite—Fejér and Hermite interpolation
processes for Freud weights on the real line were investigated. In [19, 23,
24, 26, 27], Sakai, Vértesi and Xu studied weighted uniform and mean
convergence of Hermite and Hermite-Fejér interpolations of higher order
at the zeros of Jacobi polynomials. Earlier work on Krylov—Stayermann
interpolation for Jacobi polynomials can be found in [7, 22] and an
interesting survey on this topic and related subjects may be found in [25].
Finally in [6], Kasuga and Sakai have recently investigated, in particular,
convergence of Hermite—Fejér interpolation of higher order for the Freud
weight of the form w*(x) = exp(—x™), m=2,4, ....

Before stating our main results, we find it convenient to introduce some
needed notation. First, we will henceforth suppress the dependence of the
matrix X on the sequences of functions defined above. For example we will
often write H,,(f, X, x) = H,,[ f]1(x) and adopt similar conventions for
other sequences of functions. For any two sequences (b,) and (c,) of
nonzero real numbers, we shall write

b, <c

n ns

if there exists a constant C > 0, independent of # such that

b, <Cc

n n

for n large enough
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and we shall write

b,~c

n ns

if b, <S¢, and ¢, $b,. Similar notation will be used for functions and
sequences of functions. Given m > 1 and 0 < p < oo, we will always set for
every natural number »

" logn, mp # 4
(logn),, ,:= 141/
(logn) */2, mp =4.
The symbol C will always denote an absolute positive constant which may
take on different values at different times and I7, will denote the class of
polynomials of degree at most n > 1.
Finally, let a,(w?) :=a,, for u> 0, be the u-th Mhaskar-Rakhmanov—
Saff number, which is the unique positive root of the equation

u>0.

Jl a tQ (a t)

Throughout, w will denote a Freud weight as defined above and a, will
denote the Mhaskar-Rakhmanov—Saff number for the weight w?. Follow-
ing are our main results.

THEOREM l.la. Let O0<p<oo, 1<m<4 and let A4eR, a>0 and
& :=min{1, a}. Then the following hold:

(A) Suppose that for 0 < p < 4/m, we have uniformly for n > C
1

—(o[+A)+l/pnm/6 e -~ 1.5
(log n),,,p (13
and
1
G+d>-. (1.6)
P
Then
lim (/)= Hun[£160) w7+ iy =0 (1)

for every continuous function f: R — R satisfying

ljliglw lf GOl w™(x)(1 +[x[)* = 0. (1.8)
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Moreover,

lim I(f(x) —H,,[ 1)) w1+ x) g, = 0 (1.9)

for every f € C™ D(R) satisfying (1.8) and

sup |f£O(x) w™(x)(1+]x])% < oo, t=1,2,...,m—1. (1.10)

xeR

(B) Suppose that for p > 4/m, we have uniformly for n > C

1
a;(a+A)+1/pn(m—1)/3—2/(3p)S (10gn> (1.11)

and
. 1
a;(a+d)+1/pnm/6—2/(3p) s <logn> (112)

Then (1.7) holds for continuous functions satisfying (1.8) and (1.9) holds for
continuous functions satisfying (1.8) and (1.10).

THEOREM 1.1b. Let O0<p<oo, m>=4 and let AeR, >0 and &:=
min{1, a}. In addition, assume that uniformly for n > C

1
~ (logn)'/*"

a;anm/6—1

(1.13)

Then the following hold:

(A) Suppose that for 0 < p<4/m, (1.5) and (1.6) hold. Then (1.7)
holds for continuous functions satisfying (1.8) and (1.9) holds for continuous
Sfunctions satisfying (1.8) and (1.10).

(B) Suppose that for 4/m < p < 1, there exists 6, >0 and 6, > 0 such
that uniformly for n = C

a;(“+")+1/1’n(’”_1)/3_2/3 < (n—él) (1.14)
and
a;(zi+A)+1/an/6—2/3 < (n—"z), (1.15)

Then (1.7) holds for continuous functions satisfying (1.8) and (1.9) holds for
continuous functions satisfying (1.8) and (1.10).
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(C) Suppose that for p>1, (1.11) and (1.12) hold. Then (1.7) holds
for continuous functions satisfying (1.8) and (1.9) holds for functions
satisfying (1.8) and (1.10).

Remark.

(a) It is instructive to briefly discuss the assumptions (1.5)-(1.6),
(1.11)(1.12) and (1.13)(1.15). Firstly, it is well known, see ([ 18], Theorem
3.2.1), that for every polynomial P, e Il,, n>1 and for a given Freud
weight w

”PnW”LDO[fa,,,an] = ”in"Loo(IR)‘

Thus in particular for weighted approximation, it has become natural to
impose minimal growth assumptions on the sequence g, in order to estab-
lish convergence of interpolation operators in suitable weighted spaces on
the real line, see [1, 2, 4, 11, 16, 20] and the references cited therein.

(b) For a Freud weights w, it is well known, see [8], that uniformly
foru>C,

ul/B s a, S ul/A

so that in particular, the assumption (1.13) only becomes significant for
m > 6. Indeed, it is easily seen that (1.13) is readily satisfied for 1 <m <6.
If (1.6) holds, then a,;*~4*'/? decreases to 0 for large n. If p > 4/m, then it
is easy to see that the exponents of » in (1.12) are positive. In particular,
(1.12) implies (1.6). Similarly, if m > 4, (1.15) implies (1.6).

(¢) In particular, for the weight w=wy, it is well known, see [18,
Chap. 4], that a, = Cn'/? and thus we obtain the following result.

CoROLLARY 1.2a. Let w=wy, f>1, 0<p<oo and 1<m<4. In
addition, let A € R, o> 0 and & :=min{1, a}. Then the following hold:

(A) Suppose that for 0 < p<4/m,

—oc+m<A 1+1 ‘+A>1
—t—<—-——+=; & -.

B 6 B pp 3 p

Then (1.7) holds for continuous functions satisfying (1.8) and (1.9) holds for
continuous functions satisfying (1.8) and (1.10).

(B) Suppose moreover that for p > 4/m we have

—a m<A 1+2 m+. —o?+m<A 1+2
B 6 B pB 3p 6 6

1
3B B pB 3p
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Then (1.7) holds for functions satisfying (1.8) and (1.9) holds for functions
satisfying (1.8) and (1.10).

COROLLARY 1.2b. Assume the hypotheses of Corollary 1.2a except we
assume that m = 4. Then the following hold:
Suppose that for 0 < p < 4/m, we have

—a m 4 1 1 . 1
——+— <min l’ﬁ__—i__; a+A4>—,

B 6 pB 3 )4
for4/m < p<1, we have
—oc+ <m1n{1A 1+2 m+1}‘ —o?+m<A 1+2
B 6 B opB 3 6 3) B 6 B pB 3
and for p > 1 we have
—oc+ <m1n{ 4_1 2 m 1} —_o€+ﬂ<é_i+£
B 6 ﬂpﬁ3p63 B 6 B pp 3p

Then (1.7) holds for continuous functions satisfying (1.8) and (1.9) holds for
continuous functions satisfying (1.8) and (1.10).

We observe that Theorems 1.1a and 1.1b allow us to recover as special
cases, results on weighted Lagrange, Hermite, Hermite-Fejér and Krylov—
Stayermann interpolation for Freud weights. For Lagrange, Hermite and
Hermite-Fejér interpolation, special cases of our results for our class of
weights have already appeared in [4, Theorem 1.1; 11, Theorem 1.3; 14,
Theorem 1.1].

1.1. Lagrange Interpolation: The Case m =1

CoROLLARY 1.3. Let 0<p<oo, 4eR, a>0 and &:=min{l,a}. We
assume that for 0 < p <4,

1
a+4>—
p

and for p > 4,

_(zx+A)+1/pn1/6(l 4/p) < < 1
logn

Then we have

lim I(/ ()= L,[£1G) w) (L +1x) e, =0
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for every continuous function f: R — R satisfying
lim |f(x)] w(x)(1+|x])*=0.
x| > oo
1.2. Hermite and Hermite—Fejér Interpolation: The Case m =2

COROLLARY 14. Let 0<p<oo, 4eR, a>0 and &:=min{l,a}. We
assume that for 0 < p <2,

and for p > 2,

a;(o?+A)+1/pnl/3(1—2/p) S 1 .
logn

Then we have

lim I(f(x)— Ho[£1(x)) w () (1 +1x) ™, =0

for every continuous function f: R — R satisfying

lim /() w2(x)(1+|x])* = 0. (1.16)

Moreover,

lim I(f(x) — By, [ £1(x)) w2 )L+ 1) ey = O

for every f e CY(R) satisfying (1.16) and

sup |f'(0)] w(x)(1+|x])* < co.

xeR

1.3. Krylov—Stayermann Interpolation: The Case m =4

COROLLARY 1.5. Let 0<p<oo, 4eR, a>0 and &:=min{l,a}. We
assume that for 0 < p <1,

1

() +1/p1/3 <
a n —_
" (logn); ,

~
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and
A+4>—.

Moreover for p > 1 assume

a;(a+A)+1/pn172/(3p) s 1
logn

and

a;(ﬁ+A)+1/Pn2/3*2/(3p)s L .
logn

Then we have

lim I(/(0) =Ko [£16D) w* A+ 13D Nz, = 0

for every continuous function f: R — R satisfying

lim 1f(x)] w*x)(1+]x])*=0. (1.17)

Moreover,

Lim I(f(x) — Ko LS100)) ) +1x]) Iz, 0 = 0

for every f e CO(R) satisfying (1.17) and

sup |fO(x)| w(x)(1 +|x]))* < oo, t=1,2,3.

xeR

This paper is organized as follows. In Section 2, we state and prove a
quadrature theorem which is of independent interest and in Section 3, we
prove our main results. Section 4 contains an appendix with a technical
lemma which we use throughout.

2. QUADRATURE AND DERIVATIVE ESTIMATES

In this section, we prove a quadrature estimate which is of independent
interest. Throughout for convenience, we set for n > 1

P —-2/3 O -2/3
Xon =X ,+Cn /an, Xpitn =X, ,—Cn /an.
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Following is our main result in this section:

THEOREM 2.1. For Be(0,1/2),veR,r=0,1,2,....m—1and xe R, let
n r
0= (2] T a0l w ) x5l (1 )
n /) |xial > Ban

Then for some positive constants C,, C, and C; with x, , < (1 +Con 3 a,,
we have uniformly for n = C,

4,(x),  |x|<pa,/2

B,(x),  |x|>2a,

w(x) X, (x)SaZV< C,(x),  Pa,/2<|x|<a,(1-Cin?P) (2.1)
D,(x), a,(1-Cin™*) <|x|<a,(1+Cn=?)
E(x), a,(1+Cn?*) <|x|<2a,.

Here

A (x) = pmax{m/6-1,0} {log n, m==6
n 1 m#6.
log n, m==6

1, m#6.
C,(x) := (1—I|x|/a,) "+ nmxtm/6 =130 |1 /2 p, (x) w(x)|™ log n.

B,,(x) ‘=a, |x|7(m7r) nmax{m/61,0}{

n

D)= () llsl=(1=Cn ) af

o410 01, () w(x)| " log n.

E,(x) 1= /61390 112 (x) w(x)|" log n.

In order to prove Theorem 2.1, we need two auxiliary lemmas.
We begin with:

LemMA 2.2. Letn, r > 1. Then uniformly for 1 <k <n,

< <1>H. 2.2)
an

For the weight exp(—x"™), m an even positive integer, Lemma 2.2 was
first proved in [5, Lemma 4] for all r > 1. We emphasize that our method

pglr) (xkn )
p:l (xkn )
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of proof differs from that used in [5] as there, heavy use was made of
differential equations satisfied by the orthogonal polynomials in question.

Proof. We write

Pa(t) = L ()1 — X,) Py (X) 23)

and introduce the reproducing kernel

n—1
Kn(x’ t) = Z pk(x) pk(t)7 X, te R
k=0

and Cotes numbers
lk,n :=Kn(xk,n7 xk,n)_17 k> 1

Then it is well known, see [3, Chap. 1], that for 1 <k <n

Ly (1)

Kn(t, xk’n)= A IER

k,n

and for every polynomial P,_, of degree at most n— 1
Poy(x) = [ Py (0) Ky (8, x0,) w0 d
Applying these well known identities gives
PP G) = [P0 Kyt x0) w0
1 2
=— | PO Lty wi(1) dt

A IR

=2 [ (1, 10 3)) (1) w200

— %) "") 2] [ 10 0)(t=50) L) 411570 (1)) W20

_ % J, 1670 L) wio) .
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Then by Holder’s inequality and Markov’s inequality, see [9, Theorem 1,1]
we learn that

2

Gl 5225 ([ g wnzar) (] o wozar)”
1P )
o

:1 x n (r=1)
< |l’/(1_kn)|<a_> 1 (8) WO 2,80 -
kn

n

1762 @) WO,y M) WOl

It remains to observe that

1

pn Wi () WO L) = fR K, (t, %) L o () W) dt = (%) = 1.

This completes the proof of (2.2). |

Next we use Lemma 2.2 to prove:

LemMA 2.2. Let r=0 and n, m>1. Then uniformly for 1<k<n,
0<t<m—-1land0<s<m—1

51 Gl 5 (2 ) .4

n

and

n\* n\*
e s (1), teul(Z). eE)

Proof. We prove (2.4) by induction on m. From (2.3) we easily obtain
by using Leibnitz’s rule for differentiation

(r+1)
Oy PHVC)
13 (%) (r+1) p,(xi)
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and so (2.4) holds for m =1 by Lemma 2.2. Now assume that (2.4) holds
form=1,2,...,t—1 for t > 2. Then using Leibnitz’s rule for differentiation
we obtain

r

00 Gl () 1Csl 1571 G

" (r n\ /n\¢-9
()6 G)
n r
a,)’
This completes the proof of (2.4). To prove (2.5), we proceed by induction

on s. First for s =0, (2.5) is trivial since ey, =1 and e,, = 1. For s > 1, we
have by (1.2)

7\

7\

0=hP(xe) = Y ex (s. ) A1 15 (xp)
1

i=0
so that
152} AW .
ep=—= ex| . )iIm1°" (xn). (2.6)
s! ‘= i

Thus if we assume that (2.5) holds for s=0, 1, ...,t—1 for £ > 1, then by
(2.6) and (2.4), we have

el < z|e,k| IL121 (o)l S Z( ><: >s<£>

By the same process for h,, we have |e,,| < (;)°. This completes the proof
of Lemma 2.3. ||

We now present the proof of Theorem 2.1:

Proof. For |x,| = fa,, |x| ~a, by (4.2) so we may assume without
loss of generality that v = 0. We consider various cases:

Case 1. |x| < Ba,/2: First we observe that uniformly for |x,,| = fBa,
|x_xkn| ~ |xkn| ~a,.
Moreover, for this range of x, (4.3) implies that

la,/* P, (x) w(x)| S 1.
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Thus (4.7) yields
w"(x) 2, (x)
n r
S —_
@)

3/2 m
a x) w(x
X ) <—" max{n‘2/3,1—|xkn|/a,,}‘1/4—|p"( ) w( )|> | — Xz, |"
Pkl > fan \ T | — X

s<ﬂ> Tan Y max{n -l /a,} @)

[Xkn| = an

Now using (4.2) we see that

Y max{n? 1—|x,|/a,} """

|X1en| = Ban
a - —
S - Z max{n 2/3’ 1— |xkn|/an} A1/ (xkfl,n _xk+1,n)
Ar x| > Py
n
S —[20+22],
an
where
2= max{n*m, - |xkn|/an}7m/4+l/2 (Xk—1,n — Xkt 1,0)
By < Ixl < 1—n ") a,
and
o= max{n=2, 1—|xp,|/a,} ™ * " (Xe_ 10— Xes1.n)-

—-2/3

[Xnl < (A=n"""") ay

Then we have by (4.1)
2,2 S n—2/3(—m/4+1/2) |x0n _ (1 _n—2/3) anl s annm/6—1

and since 1—|x,|/a, ~ 1 —|t|/a, for t € [x;, 1 », Xx_1,,] from (4.5), we have

PIRS Y (1 —kan/a,.l)_m/“l/zrk_l‘" dt

ﬂanslxkn|<(1_n_2/3) an Xle+1,n

(1-n""a,
<], (1=ltl/a,) "+ d1.
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Thus, we have

Y max{n? 1—|x,|/a,}""*

|| = Ban
n [ a-n?"a,
< _[j (1_t/an)—m/4+1/zdt+annm/6—1i|
an pay
< p ! rmaxim/6-1,0} {log n, m=6 (2.8)
1, m# 6.

Substituting (2.8) into (2.7) proves Case 1.

Case 2. |x|>=2a,: Here |x—x,,| ~ |x| and for this range of x,
la," p,(x) wx)| S 1
by (4.3). Thus using (2.8) and proceeding as in Case 1 gives

w™(x) Z,(x)

n\’
s —
a,

3/2 m

a x) w(x

X ) (—" max{n=>,1—|x,,|/a,} " ARG )|> | — X |
Wl > fa, \ 7 X — X |

a, m—r imr _ m
5<7> x| Y max{n=? 1—|xgl/a,} ""*

1%k = Ban
log n, m==6

S a, le—(m—r) nmax{m/G—l,O} {1 " ?& ¢

as required.

Case 3. fa,/2<|x| <2a,: We choose / = I(x) such that x € [x;,, ,., X}, ],
if possible, and split

2, (x) 1= 2 (x) + 22(x),

where 2,1 sums over those k in X, for which ke [[—3,/+3] and X,> con-
tains the rest. Here, if |x| > x,,, we set 2,1 =0. Then we have much as in
Cases 1 and 2
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w”(x) X2 (x)

n\’"
S_
a,

3/2 m
a x) w(x
XX, ( ——max{n=3 1—|x|/a,} '/ [, (x) w()] )|> | — x|
n

% — X
m—r—1 -
(&) a2 wp x, Cicta =)
n X — X |
x max{1—|x,|/a,, n=¥3} /4172, 2.9)
Then (2.9) becomes

w(x) 22 (x)

a,\" 1 Xk 1n—Xktln
<= |a:l/2pn(x) w(x)|™ praxim/6=1/3.0} 57, w
n | — X |

a m—r—1
= <;> @}/, (x) ()| st/ 61130

X1+3,n X0,n dt
x[ j/fa,, +Lz_3,n Ix—tl'”_']
Here, forr<m—1,
XI43,n X0, n dt
Jﬂan +f —e"
X143, dt jxa,n dt

S et ——s
Pay, (x_t)m_r X|—3,n (t_x)m_r

S (xl+1,n _xl+3,n)_(m_r_1)+ (xI—S,n _xl—l,n)_(m_r_l)

a, —(
< <—" max{1—|x|/a,, n‘2/3}‘1/2>
n

m—r—1)

n m—r—1
< <—> (01— |x] /)"~ DP2
a.

n

n m—r—1
S —
a,

and forr=m—1

szafs.n +JXM L <logn.

m—r ~
Pan XI-3,n |X—l|
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Therefore, forr=0,1,2,...,m—1

X14+3,n X0,n dt n\mr-1
Pa, X|_3,n |x—t| a,
Thus we have shown that for this range of x,

w(x) 2,2 (x) S /OO |a, 2 p, (x) w(x)| ™ log .

Case 3.1. fa,/2<|x|<(1—C,n"??)a,: We have

W) 23 00 = () (s w7 G5, ) W) b=,

n

+ o s () W (x5, ) W)™ =5 1),
Thus by (4.8) we have

n

W) S (x) S <
a

> |x173,n _x1+3,n|r ~ (1 - |x|/an)7r/2'
Case 32. (1-Cin"*a,<|x|<(1+C,n**) a,: By a similar argu-
ment to the above we see that there exists a constant C; > 0 such that

n

w0 2y 052 I -0

Case 3.3. (1+C,n**)a, <|x|<2a,: Finally for this range of x, we
observe that 2,1 (x) =0. Combining all our estimates completes the proof
of Theorem 2.1.

3. PROOF OF MAIN RESULTS

In this section we prove our main results, namely Theorems 1.1a and
1.1b. We find it convenient to split our functions to be approximated into
pieces that vanish inside or outside [ —fa,, fa,] for some f>0. For
simplicity, we shall write

H, i [f1(X) = Hyi[f1(x) 1= 3 euld i, () (x = Xp)" f (X))

k=1

so that

ol 1) = T H 115,
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We break up the proof of Theorems 1.1a and 1.1b into several lemmas.
The first is given in:

LemMA 3.1. Let 1<p<oo, 4eR, >0, &:=min{l, a} and ¢>0. Let
p€(0,1/2) and assume further that {f,}y_, is a sequence of measurable
Sfunctions from R to R satisfying

fu(x)=0,  |x|<pa,
and
I£w™ (x) <e(1+|x]) 7%, xeR and n=1. 3.1
Letm>=1.

(a) Suppose for the given m, 1 < p<4/m. Then assume that (1.5) and
(1.6) hold.

(b) Suppose that for the given m, p>4/m. Then assume that (1.11)
and (1.12) hold. Moreover, if m > 6, assume that (1.13) always holds.

Then forr=0,1,...,m—1, we have

lim sup |, [£,160) WG+ )~ S

Proof. First we have by (2.5), (3.1) and the definition of X, in
Theorem 2.1,

|H,,,, [£,1C6) w™(e)(1+ |x]) ~

w”(x) kzl el () (o — X, )" o (X )1+ [x[) ™

Sawm(x)<£>r Y () W ()l

n/  |xl = ay
X X = X" (14 ) ™ (14 [x]) 4
=ew™(x) X, (x)(1+|x|)~. 3.2

Thus to prove Lemma 3.1 it suffices to estimate (3.2). We find it convenient
to adopt the following notation. Set:

4, :={x||x| < pa,/2},

A, :={x||x| >2a,},

Ay :={x|fa,/2< x| <(1-Cin"*") a,},

A= {x|(1-Cn) a, <X < (1+Cn ) a,},
As:={x|(1+Cn** a, <|x| < 2a,}.
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First by (3.2) and (2.1)

e = | H, [ £,160) W)L+ 1) ca

—o,maxym/6— - logn, m=6’

< ea;*n {m/6—1,0} (1 +|x]) Alle(Al) {1 m+£6
logn, m=6,

< 8a;a+max{—A+1/p, O}nmax{m/6—1,0} {1 €

X{(log n)l/p’ AP = 19

1, Ap #1
a;*(logn)'™*7 (1) m<6,4p>1,
a;(oc+A)+1/P logn, (2) m<6,4p<1,
a;* n"*'(logn)'’?, (3) m>6,4p>=1,
a D+ Urym/s=1 (g) m>6,4p<1.

Case (a). Suppose 1 < p<4/m and (1.6) is satisfied. Then is suffices to
consider the possibilities m =1, 2, 3.

If 4p > 1 then (1) = O(1), since a > 0.

If Ap<1 then (1.6) implies a,@tO*/7 <q;@+D+1/r  but here,
—(d+4)+1/p<0. Hence (2) = O(1).

Case (b). If p>4/m,
if m < 6 and (1.12) is satisfied,
If Ap > 1, then (1) = O(1), since a > 0;
if Ap <1, then (1.12) = (2) = O(1), because
a;(oc+A)+l/p logn < a;(a?+A)+1/p logn
< a;(o?+A)+1/pnm/6p(pf4/m) log n
= @D pym/6=2/CD) |60 5 = O(1);
if m > 6 and (1.12), (1.13) are satisfied,
if Ap =1, then (1.13) = (3) = O0(1);
if Ap <1, then (1.12) = (4) = O(1), because
a @D pyml6=1 < g =G D +1 ppm/6-1
= a @D+ pym/6=2/G)py2/(p)-1

1
—0 <log n) n1+2/60 = O(1).
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Therefore, we have

lim sup ¢ Se.

Next,
1512) = ”Hnmr[fn](x) Wm(x)(l + |x|)7A"LI,(A2)

logn, m=26,

< 8a;a+lnmax{m/671,0} {1 L 6
, m .

X X=X N

< ga O p—(nr—1) max(m/6-1,0} log n, m =06,
1, m#6.
S 8a;(a+A)+l/pnmax{m/6—l,0} lOg n, m= 6’
1, m# 6.

Case (a). If 1 < p<4/mand (1.6) is satisfied.
Then m < 6 and (1.6) implies

a;(oc+A)+1/pnmax{m/671,0} — a;(ot+A)+1/p < a;(o?+A)+1/p — 0(1)~

Case (b). If p>4/m and (1.12) is satisfied,
if m<6,

log n, m=2~6,

a—(oc+A)+1/pnmax{m/6—1,0}
" 1, m#6
a;(d+A)+l/p 10gl’l

a7 GOV ppmlGpp=4/m) 100 1

n

N INN

a,(@+A)+1/pnm/6f2/(3P) log n= 0(1),

if m > 6, (1.12) implies

af(oc+A)+1/pnmax{m/6—l,0} log n, m= 6’
" 1, m+#6
a;(u?JrA)Jrl/pnm/G—l

a;(o?+A)+l/pnm/6—2/(3p)n—1+2/(3p)

1
0 <log n) n=1+26P = (1),

VAN/AY

41
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Therefore, we have

lim sup 7¥ Se.

n— oo

Now we have

1(3) ” nmr[fn](x) wm(x)(l + |x|)_A"LP(A3)

x —r/2
< sa—(A‘HX) <1_u>
a, Ly(43)

+8a;(A+oc)nmax{m/6—l/3 0} lOg n "(al/anw)m”LP(R)

x —r/2
<8a—(A+on) < _| |>
a, Ly(43)

+8a;(A+oc)nmax{m/6—1/3, 0} lOg n "a,II/anw”gnp(R)‘

Observe that first

0-2)"

a-cin=3 1/p
~ all? < | (1—1)= dt>
Ly(43) /2

1, rp <2,
~a}/?{ (logn)"", =2,

n—2/3(—r/2+1/P)’ rp > 2
< al/ppmaxr/3=2/Gr.0)(1og 1) 1/7

and second by (4.6)

1, mp < 4,
1/2 m 1 4
lay? pwll7, & S ay'” { logm)™*,  mp=4,
nm6=2Cn n s 4
m/4 —_

< gl/ppmaxim/6-2/Gp), 0} (logm)™",  mp=4,

" 1, mp #4.
Thus if m > 2, we have

,[513) S 8a;(A+zx)+1/p(log n)l/p nmax{r/372/(3p), 0}

+6a;(A+ot)+l/pnmax{(mf1)/372/(3p),m/671/3}(10g n);kn’p

= S(bn +cn)’
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where

bn = a;(A+ot)+l/p(log n)l/p nmax{r/372/(3p),0}

and

c, = a;(A+ot)+l/pnmax{(m—1)/3—2/(311),m/6—1/3}(10‘g n)::,p'

Moreover if m = 1 we have
1-5[3) < 8an—(A+a)+1/p
+8a;(A+zx)+l/pnmax{1/6—2/(3p),0}(10g n):]k’p
=éd,,

where

dn ‘= a;(A+oc)+1/p +a;(A+oc)+l/pnmax{l/6—2/(3p),0}(10g n)tp.

First assume that m > 2. Then for b,, we have
b < a—(A+a)+1/p(10g n)l/p (1 +n(m—l)3—2/(3p)).

Case (a). If 1 <p<4/mand (1.5) are satisfied, then (m—1)/3—2/(3p)
<m/6—1/3 and 2 < m <4, (1.5) implies

bn Sa;(4+a)+1/pnm/6—1/3(log n)l/p
< a;(A+ot)+1/pnm/6—1/3(10g n):”p — 0(1)~
Case (b). If p>4/mand (1.11), (1.12) are satisfied, then
bn < a;(A+a)+1/p(10g n)l/p (1 +n(m—1)/3—2/(3p))

< a;(A+o‘c)+l/pnm/ﬁp(p—4/m)(10g n) 1/p
+ @I+ m=1/3=2/Gp)(|og ) /7

< ;@O rpmI6=2/0p) [og p
+aq @Iy m=1/3-2/Gp) |06

=0(1).

Forc,,

Case (a). If1 <p<4/mand (1.5) are satisfied, then (m—1)/3—2/(3p)
<m/6—1/3, (1.5) implies

¢, = a;(A+a)+1/pnm/6—1/3(10g n);ﬁn’p — 0(1)
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Case (b). If p>4/mand (1.11) are satisfied, then (m—1)/3—2/(3p) =
m/6—1/3, (1.11) implies
¢, = ay U+ pym=D3-2/Cr)(log p)¥
= q DUy m=D/3-2/C) 50
=0(1).
Hence for m > 2, we have

lim sup ¥ Se.

n— oo

Ifm=1,

Case (a). If 1 <p<4 and (1.6) is satisfied, then 1/6—2/(3p) <0 and
(1.6) implies
dn — a;(A+oc)+l/p+a;(A+ot)+l/pnmax{l/ﬁ—z/(3p),0}(10g n)’lkp
S a;(A+oc)+1/p(10g n)* < a—(A+o‘c)+l/p(10g n)T’p — 0(1)

Lp~%n

Case (b). If p>4 and (1.12) is satisfied, then 1/6—2/(3p) >0 and
(1.12) implies

d <a—(A+o?)+l/pnmax{1/6—2/(3p),0}(10g n)r
n~%n s P
— an—(A+o?)+1/pn1/6—2/(3p) IOg n= 0(1)
Therefore, we have form =1,

lim sup ¥ Se.

We consider two further cases. First using Case 3

T514) = ”Hnmr[fn](x) Wm(x)(l + |x|)7A"Lp(A4)

_ n\’ _
< oy (1) 1= (1= Cn ) ) o

n

a; @O ppmaxin=D/3=2/Com/61 B (log p)* | m>2,
+e '
a;(A+a)+l/pnmu{1/6f2/(3p), 0}(log n)’l“,p’ m=1.

Since
(l(lx] = (1= C3n_2/3) an)r||L,,(A4)

A+Cinya, 1/p
(0 = —2ca Py aydx ) s 02y e

1—C1n72/3) ay
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it follows that we deduce
a;(A+a)+1/pnr/372/(3p)

@< 4 q A+ pymaxin=1)/3-2/Gp). m/6-1/3} (|0 g n)fn,pa m=2,

a;(A+oc)+1/p +a;(A+oc)+l/pnmax{1/6—2/(3p),0}(10g n)ip, m= 1’

{b,,+c,,, m=2,
e
d m=1.

n>
Hence, much as in Case 3,

lim sup 79 Se.

n— o0
Finally, we see that for m > 2, 1> Sec, and for m =1, t < ed,, where

T3 = |y [ 1w CO(L A1) 2, 45)-
Hence, we also have

lim sup ¥ Se.

Therefore, we have forr=0, 1, ...,m—1,

lim sup ||, [.f,1(x) w"(x)(1+ D) @ S e

and this last statement proves the lemma. |

Having dealt with functions that vanish inside [ — fSa,, fa,], we turn to
functions that vanish outside that interval.
We begin with:

LemMA 3.2. Let l<p<ow, 4eR, a>0 and &:=min{l,a}. Let fe
(0,1/2), ¢>0 and assume that {,}_, is a sequence of measurable
functions from R to R satisfying

Y.(x)=0,  |x|> pa,
and
[, w™ (x) <e(l+]|x])77% xeR, n>1. (3.3)

Letm>=1.
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(a) Suppose for the given m, 1 <p<4/m. Then assume that (1.6)
holds.

(b) Suppose that for the given m, p>4/m. Then assume that (1.12)
holds.

Then forr=0,1, ...,m—1,

111;1;1 SOI.SIP ”Hnmr[lpn](x) Wm(x)(l + |x|)_A”Lp(|x|>2ﬂa,,) S €.

Proof. Indeed from (2.5), (3.3) and (4.7), we have for |x| > 2fa,

[w(x) Hpp [P, 1) (1 +[x]) ™

Z erkl;cnn (X) l/’n (xkn )(x - xkn)r

k=1

Sa, wn(x)

< o <1) T ) w ) w0l

Ay ) \xpnl < Ban

X |x = X" (14 o )™

3/2 m

a x) w(x

X Y < 2 max{n_m,1—|xkn|/an}_l/4—|pn() ()|>
Wirl < fan \ T | — X

X |x = Xpeu|" (1 + | X ]) ™™

< sazt <“;) (@ py(x) w(x))”

X Y x| T T ()

X < Baan

an m—r—1
< ea; (—) X0 (a2, () w(x))”
n

X z (T 1) ™ (X— 1,0 = Xk 1,0)

Ikl < Btn
< -4 & mort —(m—r) 1/2 m
sea, (2) WO (@l p, (0 w()
2fay,

xj (1+f)~ dt

—2pfay,

S ea,(a,” p,(x) w(x))" a, " "a,”* logn
< ea, “*(a,/”p,(x) w(x))" log n. G4
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If follows that using (3.4) and (4.6) we have

1E e [ 1) W () (L4131 |2, 15> 20,
—(@+4)+1/ /6—2/(3p), 0 *
Sea, P pmax{m )% (log n) o p-

Now observe that if mp > 4,
max{m/6—2/(3p), 0} =m/6—2/(3p).
Thus by (1.12), the polynomial growth of a, and (1.6) we have,

lim sup [, [, 1(x) w"(x)(1 + D ey gy S €

and this proves the lemma. |

Next we present

LemMmA 3.3. Let 1 < p < oo and assume (1.6). Let ¢ >0, f€(0,1/4) and
assume that {,}7_, is a sequence of measurable functions from R to R

satisfying
¥,(x)=0,  |x|> fa,
and
[y, w™| (x) <e(1+|x])77% xeR, n>=1. (3.9
Then forr=0,1,...,m—1,

lim sup 12, [, 1) w1+ 1) ™z, 14 <2p0) S 8-

Proof. We find it convenient to consider the estimation of the sequence
of operators H, ,, ,,_, first and then the sequence H, ,, , for r <m—2. Thus
let |x| < 2fa, and observe that using (4.3) we have

la,/? pa(x) w(x)| S 1.
Thus for this range of |x|

(W™(X) Hy, 1 [, 1))

X el N 50)" i)

kil 1, ki (X) W) (L (%) W) (= 26,)) "~ Y, (X))
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|m71

kZ_: €1, klin(X) w(xX) (P (X)) "D Y, (X)

1

= [P (x) w(x)

RS

kzl €1, il (X) w(x)(@ypo(Xe)) ™" Y (Xp)

For each n > 1, we define two sequences of functions «, and J, as follows:
Set for x e R

. em—l,k(a:x/zp:z(xkn)) —(m—l)’ X = xk,nk = 19 27 R
o, (x) 1= .
0, otherwise

and
U, (x) =y, (x) o, (x), xeR and n>1.
Then clearly
J,(x) =0,  |x|> fpa,. (3.6)
Moreover, applying (2.5), (4.9) and (3.5) yields for |x,| < fa,
W (i) WXt S W ()| W7 (1) S (1 i) ™ (3.7

Thus we have shown that for |x| < 2fa,

(W"() Hy o [ 1)L+ X)) S I;l L (%) W) P, (X ) (1 [])
= L[, 1(x) w) (1 +|x]) ™,
where 1/7,, satisfy (3.6) and (3.7). Then applying ([ 11], Lemma 3.4) gives
IH}?_)S(EP "Hn, m,m—1 [lpn](x) w”‘(x)(l + |x|)7A||L(‘X‘SZﬁa”)

Stim sup |12, 00,100 wCL+) s, g apoy S& B:8)

Next we turn to the estimation of the sequence of operators H, , , for
r<m-—2.Set

Uo(x) := ()| w"(x),  xeR, n>1.
Then it is easy to see that

J.(x)=0,  |x|> pa, 3.9)



HERMITE AND HERMITE-FEJER INTERPOLATION 49

and
() W20l = W (x) W) <e(1+x) 7, xeR. (3.10)
Moreover for r < m—2 and |x| < 2fa,, we apply (2.5) and obtain

(W™ (x) Hpr [, 1(X)]

z el () W) (X = Xp)" W (X))

k=1

r n

() 3 U w55 o) w2 (3 w20

n k=

X |l//n(xkn)|'
Since
1 (2) W) = )17 = | LI
pn(xkn)
and
1, () w2 S W™ (),

we have

[w™(x) Hypr [, 1(X)]

r

P W) 12 3y w2 ) ()]

P (X)) W(Xi)

n\ Z
<[ =
<an> kzz:l

< <£> ) <a7> |22 p, () WO 13,(x) w2 (x) w2 (xi) W (i)

a4,/ k=1

S kz Lien(X) W2() W™ 2(20,) W1 ()|

= z lin(x) wl(x) lpn(xkn)'
k=1
Thus we have shown that
1y [ 1) W)+ 1X0) ™I, 11 < 20)

3 6 W) ) (115

S

b
Ly(Ix <2pay)
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where the sequence of functions lﬁ,, satisfy (3.9) and (3.10). Thus we may
apply ([4], Lemma 3.3) and obtain forr =0, 1, ..., m—2,

1 Sup. [[Hy, [, 100 WU+ gy S& .11

Combining (3.8) and (3.11) proves Lemma 3.3. |

For x e R, let

n

A 710):= (1) £ GO0 50) )

a,

If we inspect the proofs of Lemma 3.1, Lemma 3.2, and Lemma 3.3, we see
that they hold for this operator as well under all the hypotheses of these
former lemmas and under the weaker condition that the real variable x in
(3.1), (3.3) and (3.5) may be replaced by the subsequence {x,,}, k=1, ..., n.
That is, for f,

If(xkn) wm(xkn)|<8(1+|xkn|)_a7 k= 17 .. N, a'<0'

With this observation, we prove our final lemma in this section, namely:

LemMA 34. Let 1<p<oo, 4€R, >0 and & :=min{l, a}. Let m>1
and e > 0.

(a) Suppose for the given m, 1 < p<4/m. Then assume that (1.5) and
(1.6) hold.

(b) Suppose that for the given m, p>4/m. Then assume that (1.11)
and (1.12) hold. Moreover, if m > 6, assume that (1.13) always holds.

Then for any fixed polynomial R,

1ig|1 sup [|(H,,[R](x) = R(x)) w"(x)(1 + D) e, @ S e

Proof. For any fixed polynomial R, by (4.4)
[RO(x) wm(x)(1+|xDI<M  xeR, t=0,1,..,m—1.

where M is a constant independent of x and ¢. Then for n > deg R(x),

RGO = Ho[RI) = £ 3 ROCh) ha().
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Here, for 1 <t<m—1

. (x_x tm—1—t .
P =100 TS v x)

i=0

m—1—t

== Y eulB () —x,)""

. t+i )
enk : <a£> l;cnn(x)(x_xkn)t-'—l'

n

If we set
RYI(x) := RO(x) rif 1(x),
where rl"“1(x) is a function satisfying

Crik

n t+i
&)
then for sufficiently large n,

IR (20n) W™ (X )(1 + 6,71

r,[lt,i](xkn)z k=1,2,....n,

€ t m 3
= — | [RO(x) W () (1 + X0 )°]

>t+t
e n\’
tik <= <e
< n >t+i ~\a = o
n

VRS
e

7

a

n

Then
R(x)—-H,,,[R](x)

m—1

— < ® 1" Crik n A\ m t4i
= Z R(x1,) = Z i\ gz o (X) (X — X,)
k=

1 t! i=0 1 i n
an

=1 m-l-t 1 =n s n \!+i .
=%y 1T R () e
ck=1

i=0 n

~
I
—

3

1
m—1 m—1—t1

Z F ﬁn, m,t+i [REI’ 1 ](x)
= t!
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and

(2, [RI(x) = R(x)) w™(x) (1 + |xD) 1, my
m—1 m—l—tl -

<Y X ;IIHn,m,m[R,E"”](x)W'"(x)(1+lxl)"'IIL,,(m-
t=1 i=0 .

Let x, be the characteristic function of [ —a, /4, a,/4] and
REtt,i] = Xan:zt’i] + (1 _Xn) R}Et,i] = fn +!//n
Then using the observation just before the statement of the lemma,

lim sup. |[(H, [ R](¥) = RC) w7 G)(L+1x) e S 2.

We are now ready to present the:

Proof of Theorems 1.1a and 1.1b. We assume firstly that 1 < p < oo.
Since the conditions of Theorem 1.la and Theorem 1.1b ensure the
assumptions of Lemma 3.1, Lemma 3.2 and Lemma 3.3, we will use the
results of these lemmas in our proof. Given any ¢ > 0, we may find a poly-
nomial P satisfying

If =Pl(x) w"(x)(1+[x)*<e,  xeR.
Then for n > C, we may write

ICf = HypuLf D) w A+ 1) ™, my
<NCf =P)() w1 +1x) Il )
+1(P— H,,, [P1)(x) w"(x)(1+ X)) |, )
I Hpm [P = £100) w1+ 1) ™, s -
Here, (a4 4) p = (d+ 4) p > 1 so that first
ICf = P)(x) w )L +IxD) ) < & (L +1x) ", @) Se

Moreover by Lemma 3.4, we have

lim (P~ H,,,[P1)(x) w"(e)(1+ [x]) ) = 0.

Let y, be the characteristic function of [ —a, /4, a,/4] and let us write
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Then applying Lemmas 3.1-3.3 with § = 1/4 yields

lim sup |1Hy [P = £100) w1 +1x]) Iz,

m—1
< ), limsup [|H,, [P~ f1(x) w"()(1+Ix)) L@ S
0 n—oo

r=

Thus

lim sup |(f = H,,[f D(x) w"(x)(1 D) e, m S e

and so letting ¢ > 0+ yields (1.7). To see (1.9), we apply the representation
(1.4), the method of proof of Lemma 3.4 and (1.7). This completes the
proof of Theorems 1.1a and 1.1b for the case 1 < p < o0.

Now, we assume that 0 < p < 1.

The idea of the proof is simple. We first apply an idea of ([14],
Theorem 1.1) whereby we reduce the problem to an application of
Theorems 1.1a and 1.1b for p> 1. This is accomplished as follows. Let
g > 1 and ¢’ be its conjugate satisfying the relation

11
S4—=1

q9 4

Using Holder’s inequality, we observe that for any such g and any real 4,
we have the inequality

ICf = HLF1G0)) w ) (A +1x) 71, w)
= fR |(f = H, [£ 1)) w4 X))~ (14 [x]) =407 dx

/q
<(J, 107~ HuaLF 10 w1 141 ) G612

1/q
x(j (1+|x|)‘("“’1“""dx> . (3.13)
R

Next we analyze the sufficient conditions (1.5)-(1.6), (1.11)—(1.12) and
(1.14)—(1.15) carefully and prove the existence of a ¢ with pg > 1 and 4, so
that Theorems 1.1a and 1.1b may be applied to (3.12). We will also show
that with this careful choice of ¢ and 4,, the term in (3.13) is also uniformly
bounded. This will establish Theorems 1.1a and 1.1b for O0<p<1 as
required.
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First, we consider the case 1 <m < 4. Note that in this case we have
0<p<4/m and so we may choose ¢ with 1 < pg<4/m. By (1.5) and
(1.6), there exists some constant 4 > 0 such that for the given n > C

a, e+ eymle=1(log n)Y < A (3.14)
and
a, @+r <1, (3.15)
From (3.14) and (3.15) we obtain respectively the relations

a;oc+1/pqnm/6—l/3(10g n)fn,p/A <aﬁ—1/p+1/pq
and

a;oﬂ-l/pq < a;l—l/pﬂ/pq.

Thus from the above, we may choose 4, satisfying

@y P log )y, [ A < ah <al PR (316)
and

az i < gt < gA=Vpilm (3.17)

We summarize our findings as follows:
From the left most inequality in (3.16) we obtain the relation

a, e+ rpgmle=1B(log )y, < A, (3.18)
from the left most inequality in (3.17) we obtain the relation
—(@+4,)+1/pg<0 (3.19)
and finally from the right most inequality in (3.17) we obtain the relation
—(4—-4)+1/p—1/pg<0. (3.20)

Thus (3.18) and (3.19) are just (1.5) and (1.6) respectively with p replaced
by pq and 4 replaced by 4,. Thus Theorems 1.1a and 1.1b for the case
p>1 together with (3.20) ensure that Theorems 1.1a and 1.1b hold indeed
for 0 < p <1 in this case.

Now, we consider the case m > 4. Clearly if 0 < p <4/m, we may apply
exactly the same argument as above, so without loss of generality we
assume that 4/m < p < 1. We choose g with

1 < pg <max{1—35,/4,1—38,/4,0}~",



HERMITE AND HERMITE-FEJER INTERPOLATION 55
where J, and J, are as in (1.14) and (1.15). Then since
(logn)™"/? < (log m)~/7,
we have
a;*n™* 1< (logn)~"/™

and since (1.14) and (1.15) hold we also have the relations

@ DUy (n=D/3-2/Cp0) g < 232 CP0-0112 |

and

a;(o?+A)+1/pnm/6—2/(3pq) log n< n?3-26r-0/2 -1

From the above two relations we deduce that

a;u+1/11t1n(m71)/372/(3pq) log n< affl/pﬂ/pq

and

a;fi+1/pqnm/6—2/(3pq) log n< a;i—l/p+l/pq_

Let us now choose 4, satisfying

a; P @=D3=2Cr) [0 < g < g4V /p+1Im

and

a;i+1/pqnm/672/(3pq) log n< a;ﬁ < aﬁ—llp+1/pq_

It follows that we have (1.11) and (1.12) with p replaced by pg and 4
replaced by 4,. Moreover (3.20) gain holds. Thus we conclude that

Lim JR I(f = Ho [ £1(x)) w()(1+]x]) |7 dx = 0
and
[ Ay dx < co.

Therefore,

lim I(/ = H,,,[f1()) "L+ XD N1z, ) = O-
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By the same method as above, we also have

Lim ICf — A,,[£1()) wm (A +1x) %y =

This completes the proof of Theorems 1.1a and 1.1b. ||

APPENDIX

In this last section we present a technical lemma concerning some esti-
mates for the orthogonal polynomials for our class of weights. This lemma
was use in Sections 2 and 3 and its statement in its present form can be
found in [11, Theorems 2.1-2.2]. We emphasize that it is only included as
a reference for easier reading.

LeEmMA 4.1.

(@) Fornz=2,
|1_xln/an|rSJn_Z/3 (41)

and uniformly for 1 <k <n-—1,
an — —
xk,n _xk+1,n N;max{l _|xk,n|/an9 n 2/3} 1/2' (42)

(b) Forn=1,

sup [p, ()| w(x) [1—|x|/a,| " ~ a; . “3)
xeR
and
sup p, ()] w(x) ~ n'/%a; .
xeR

(c) LetO<p<oo. Fornzland Pell,,

4.4

>@n]”

”Pw”Lp(R) < ”Pw"LI,[—a,,
(d) Uniformly forn<2and1 <k<n-—1,

(1_|xk,n|/an)~(1_|xk+1,n|/an)' (45)
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(¢) Let0< p<oo. Uniformly forn>=1,

1, p<A4,
”pnw”Lp([R) ~ ai/p71/2 X (IOg n)1/4’ pP= 45 (46)

n(/90=4/p 55 4

(f) Uniformly forn=1,1<k<n,and xe R,

o ~ 2 ) man 1L, 20| @)
and
i W™ (3 ) w(x) S 1. (4.83)
(g) Uniformly forn=1and 1 <k<n,
P WC3) ~ s (maxtn ™, L= lfa ) @49)
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